Mathematics Instructional Plan — Algebra Il

Normal Distribution

Strand: Statistics
Topic: Analyzing and using the standard normal curve
Primary SOL: All.11 The student will
a) identify and describe properties of a normal distribution;
b) interpret and compare z-scores for normally distributed data;
and
c) apply properties of normal distributions to determine
probabilities associated with areas under the standard normal
curve.
Materials

Statistics Review activity sheet (attached)

Normal Distribution Exploration, Part 1, activity sheet (attached)
Normal Distribution Exploration, Part 2, activity sheet (attached)
Normal Distribution Exercises activity sheet (attached)

Normal Distribution Practice activity sheet (attached)

Normal Distribution Exploration, Part 3, activity sheet (attached)
Standard Normal Probabilities Tables (attached)

Graphing utility

Normal curve graph paper

Vocabulary
area under a curve, descriptive statistics, discrete vs. continuous data, dispersion, empirical
rule, mean, measures of center, median, mode, normal curve, normal distribution,
percentile, probability, probability density function, quartile, standard deviation, variance,
vertical line of symmetry, z-score, 68-95-99 rule

Student/Teacher Actions: What should students be doing? What should teachers be doing?
Day 1, Time: 90 minutes

1.

Virginia

Write the following terms on the board — mean, median, mode, standard deviation. Ask
students to think-ink-pair-share what they know about the terms. Remind students they
learned these terms in elementary and middle school. Once students have completed
their brainstorm, present the vocabulary word wall cards to the students (post on the
board or project using a demonstration tool). Discuss the definitions for each of the
terms to ensure all students understand their meaning. Then pose the following
questions:

e “What is the relationship between mean and median?”

e “What does each value tell us about the measure of center?”

e “When is the mean not the best measure of center?”

e “What does standard deviation tell us about the distribution of data?”

Distribute the Statistics Review activity sheet. Have students complete problems 1 and 2
individually or with a partner. When they are finished, have the whole class discuss
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problems 1 and 2. (Note: Refer to curriculum frameworks for grades 6—8 for essential
questions, skills, and knowledge to activate prior knowledge.)

Ask students to review problem 3 and pose the following questions:
o “What do you remember about probability from elementary and middle school?”
e “Look at the diagram. How do you record the experimental data for tossing four
individual coins? How does the tree diagram support your understanding of the
experiments?”
Have students work in pairs or small groups to complete problem 3. Once the groups
have completed the problem, ask students to share their solutions and explain how
their problem-solving approaches.

Distribute the Normal Distribution Explorations, Part 1, activity sheet. Students may
continue to work in small groups to complete the exercises. Introduce the problem
scenario to the class and record student responses to the questions on the board. Note
that flipping 10 coins 1,024 times is a complex task requiring extensive data collection
and notetaking. Share with students one or two examples of software or applications
which generate and record data for coin flipping and die rolling (e.g., Random.org’s Coin
Flipper). (Note: This problem connects discrete data and a histogram with the normal
curve. Emphasis should be placed on interpreting the meaning of the height of each bar
and the sum of the heights of all the bars.)

Distribute the Normal Distribution Explorations, Part 2, activity sheet. Because the
analysis along with reading a z-table is new, have students participate in a whole-class
activity to complete it. (Note: This activity focuses on finding area under a normal curve
and interpreting the associated probability. The exercise can be done with the attached
Standard Normal Probabilities Tables or with a graphing utility.)

Day 2, Time: 90 minutes

7.

Review the properties of normal curves and the empirical or 68-95-99.7 rule related to
how data is positioned in a normal distribution. Then, distribute the Normal Distribution
Exercises Activity Sheet and Normal Distribution Practice activity sheets, and have
students use the practice handout to complete the exercises.

Distribute the Normal Distribution Explorations, Part 3, activity sheet, and have students
work in pairs to complete it, discussing strategies they might use to identify the mean
and standard deviations for each graph.

Assessment
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Questions
o What are ways that the area under a standard normal curve is interpreted?
o Why is the area under a normal curve equal to 1?

Journal/writing prompts

o Explain what types of things you would look for in a data set that would indicate
that the set is normally distributed. Provide examples and explain your rationale.

o Describe a z-score in your own words.


https://www.random.org/coins/?num=10&cur=60-usd.0001c
https://www.random.org/coins/?num=10&cur=60-usd.0001c
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e Other Assessments

o Pose the following task/problem to students: “How do your grades this marking
period align with the class distribution?” Students will work in small groups to
create a graph of the overall class distribution of grades. The teacher will
facilitate a review of each group’s work as a class to identify similarities and
differences in each group’s graph. Once consensus is reached, each student will
calculate their current grade and locate where their grade falls within the class
distribution. Students will explain in writing where they belong in the overall
class distribution of grades.

o Student work in small groups to collect data, which can be displayed using a
normal distribution (e.g., shoe sizes of students in a class, department, and/or
school; heights of students in a class, department, and/or school, pulse rates,
steps walked in a day by a person). Once the data is collected, students will
analyze the data to create a normal distribution graph. Students can use a
graphing utility to analyze the data and create the graph. Graphs can also be
created using other multimedia tools (e.g. Excel).

Extensions and Connections

e Think about collaborating with science teachers to collect data in a science lab (e.g.
animal population density, genetics) related to normal distribution. The analysis of the
data would be facilitated by both science and mathematics teachers to demonstrate the
need for mathematical skills outside the classroom setting.

e Think about collaborating with history teachers to collect data related to population
density changes during each decade of the 20th and 21st centuries. Students will make a
stronger connection between statistical information included in their texts and reading
material to the process of statistical analysis in their mathematics classes.

Strategies for Differentiation

e Teach this topic over a longer period, using smaller amounts of information in each
lesson.

e Create a human line plot according to students’ heights, and discuss how “normal” it is.

e Have students create and use flash cards with vocabulary on one side and descriptions
or pictures on the other.

e Use an interactive whiteboard to demonstrate shading under the standard normal curve
and to model use of a Standard Normal Table.

Note: The following pages are intended for classroom use for students as a visual aid to learning.
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Statistics Review

Problem 1
You are given the data set {13, 10, 2, 2,4, 12,8,6,5,9, 11, 14, 11, 8, 5, 8}.
1. Find the mean, median, and mode.

2. Add two different data values to the set that will not affect the mean, median, or mode.

3. Construct a histogram of the data, including the data values you added.

4. Using a graphing utility, find the standard deviation of the data set, including the new
values.

5. Which values are within 1 standard deviation of the mean? Are any data values more than 2
standard deviations from the mean?

6. Add two more data values, one above and one below the mean, which will increase the
standard deviation. Calculate the new standard deviation.

Virginia Department of Education ©2018 4



Mathematics Instructional Plan — Algebra Il
Problem 2

A z-score indicates the location of a data value relative to the mean in terms of standard
deviation units. You are given a data set with a mean of p = 10 and a standard deviation of 0 =

2.
1. Why would a data value of 12 have a z-score of 1? Why would a data value of 8 have a z-

score of -17

2. What z-score would be assigned to 6? To 14? To 5? To 20?
3. What data value would have a z-score of -3? Of 4? Of zero? Of 2.5?

4. Write a formula to determine the z-score for any value, x, in this data set.
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Problem 3
An experiment consists of flipping four coins and recording the number of heads.

1. Complete the table of possible outcomes shown at right.

Coina Outcomes

Coin 3 H HHHH
Coin 2 H < T
H < )
I T
2. Are all outcomes equally likely? Why, or o1 < T
why not? H
H <$
T
T H
< T
3. What is the probability of getting THHT? H<Z H
Of getting TTHH? Of getting HHHH? H T THHT
T H
T = T
H < H
T T
4. What is the probability of getting exactly T < H
four heads? Of getting two heads and T

two tails? Of getting one head and three
tails?

5. What is the sum of all the probabilities?
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Normal Distribution Exploration, Part 1

What is normal? What makes normal curves different? If you flip 10 coins 1,024 times, what is
the total number of times you will get heads? You can test this if you want, but let us first focus
on the theoretical probabilities. Using combinations, we can obtain the expected values and
theoretical probabilities shown in the table.

Number of heads Expected frequency Theoret.if:al Percent likelihood
value out of 1,024 probability
0 1 =
1 10 %
2 45 %
3 120 %
4 210 %
5 252 %
6 210 %
7 120 %
8 45 %
9 10 %
10 1 Flzzl

1. What is the sum of all the probabilities?

2. Complete the percent likelihood by converting the theoretical probability to a decimal.
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3. What observations can you make about the data in the table so far?

4. On the axis below, complete the histogram of the theoretical probability for each number

of heads.

252
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>
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Number of Heads

5. Draw a point at the midpoint of the top of each bar.

6. Connect the data points with a smooth curve.

7. What do you observe about the graph’s shape?

8. What do you observe about the graph’s symmetry?
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9. What do you observe about the graph’s highest point?

10. What do you observe about the graph’s mean/median/mode probability?
In the box below, read about the characteristics of a normal curve, and then describe how
the curve you drew compares to a normal curve.

The graph of a normal distribution is a normal curve.

Every normal curve has the following characteristics:

The mean, median, and mode are equal.

They are bell-shaped and symmetrical about the mean.

The curve never touches the x-axis, but it comes closer to the x-axis as it gets farther
from the mean.

The total area under the curve is equal to 1.
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Normal Distribution Exploration, Part 2

Problem 1

The table at right shows the heights of all fourth-grade students in a particular school, and the

frequency of each height.

1. Construct a histogram of the data on the axis below.

Frequency

2. What percentage of the students is shorter than 135 centimeters?

Height (cm)

v

Height (cm) | Frequency
130 2
131 7
132 9
133 20
134 38
135 18
136 12
137 10
138 5

3. What is the probability that the height of a randomly selected student would be greater

than 132 centimeters but less than 138 centimeters?

4. How many fourth-grade students are represented in the data?

5. What is the mean height of the data set?

6. Does the data appear to be normally distributed? Why, or why not?
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Problem 2

The graphs below reflect the number of pets veterinarians own. The value associated with each
bar represents the fraction of veterinarians with that many pets.

90 90

71 A0 4 710 %
o 00 | 52 2 s | *° 200 | 52 | 5
200 wol o 5 200 a0l 200
a0 L 0
I 100 100
B

Shade the bars representing owning more Shade the bars representing owning more than
than or equal to 5 pets. What fraction of 2 but fewer than 7 pets. What fraction of
owners has 5 or more pets? owners falls into this group?
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Normal Distribution Exercises

Represent each of the following distributions on one of the normal distribution graphs found on
the Normal Distribution Practice sheet. For each, show three standard deviations to the left and
three standard deviations to the right of the mean.

1. A normal distribution with a mean of 7 and a standard deviation of 2.

2. A normal distribution with a mean of 500 and a standard deviation of 100.

3. The weights of cattle at the fair this year were normally distributed, with a mean of 800
pounds and a standard deviation of 65 pounds.

4. The amount of time a middle school student studies per night is normally distributed with a
mean of 30 minutes and a standard deviation of 7 minutes.

5. The length of hair of a private in the army is normally distributed, with a mean of 1
centimeter and a standard deviation of 0.3 centimeter.

6. The number of crackers in a box of Crackerbox Crackers is normally distributed, with a mean
of 75 and a standard deviation of 2. Shade the region under the curve that represents the
probability that a box has between 73 and 77 crackers. What is that probability?

7. The length of time it takes to groom a dog at Shaggy’s Pet Shoppe is normally distributed,
with a mean of 45 minutes and a standard deviation of 10 minutes. Shade the region under
the curve that represents the percent of dog grooming times between 55 and 65 minutes.
What is that percent?
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Complete the following problems:

1. The College of Knowledge gives an admission qualifying exam. The results are normally
distributed, with a mean of 500 and a standard deviation of 100. The admissions
department would like to accept only students who score in the 65th percentile or better.
Complete the chart below, and then determine which students would qualify and what
score is associated with the 65th percentile. Which students qualify for admission?

Student score z-score Percentile
530
570
650
800
540

2. The MP3 player, aPod, made by Mango Corp., has an average battery life of 400 hours.
Battery life for the aPod is normally distributed, with a standard deviation of 25 hours. The
MP3 player, PeaPod, made by Pineapple Inc., has an average battery life of 390 hours. The
distribution for its battery life is also normally distributed, with a standard deviation of 30
hours.

e Find the z-scores for each battery with lives of 250, 350, 410, and 450 hours.

e Which battery lasting 410 hours performed better?

e What percent of aPod batteries lasts between 375 and 410 hours?

e What percent of PeaPod batteries lasts more than 370 hours?
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3. The braking distance for a Krazy-Car traveling at 50 mph is normally distributed, with a
mean of 50 feet and a standard deviation of 5 feet. Answer the following without using a
calculator or a table.

e What is the likelihood a Krazy-Car will take more than 65 feet to stop?

e What is the probability a Krazy-Car will stop between 45 and 55 feet?

e What percent of the time will a Krazy-Car traveling at 50 mph stop between 35 and 55
feet?

e What is the probability a Krazy-Car will require less than 50 feet or more than 60 feet to
stop?
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Normal Distribution Practice

Mormal Distribution
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Normal Distribution Exploration, Part 3

Areas can be found under a normal Normal Distribution
curve by using the 68-95-99.7 rule if
the areas are bounded at places
where an exact standard deviation
occurs. Areas that are not bounded
at specific standard deviation units
can be found by using a graphing
utility or a z-table.

Problem 1

A corn chip factory packs chips in bags with
normally distributed weights with a mean of
12.4 ounces and a standard deviation of 0.15
ounces.

1. On the graph at right, label the mean and
three standard deviations above and below
the mean.

2. Shade the region that indicates the percentage of bags that contains less than 12.64 ounces.

X—U
—

3. Determine the z-score corresponding to 12.64, using the formula z-score =

4. Use the Standard Normal Probabilities Table to find the area associated with the z-score
obtained in 3. Interpret your result.
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5. On the graph at right, label and shade
the region that represents the
likelihood a bag will contain between
12.1 and 12.76 ounces.

6. Calculate the z-scores corresponding to both 12.1 and 12.76, and find the Standard Normal

Probabilities for each, using a graphing utility or the Standard Normal Probabilities Table.

7. Explain how you would use those values to determine the probability a bag chosen at
random will contain between 12.1 and 12.76 ounces.

Virginia Department of Education ©2018

17



Mathematics Instructional Plan — Algebra Il

Problem 2
The lengths of adult unicorns’ horns are normally distributed, with a mean of 10.1 centimeters
and a standard deviation of 1.04 centimeters.

1.

On the graph at right, label the mean and
three standard deviations above and below
the mean.

What percent of adult unicorns have horns
shorter than 10.1 centimeters?

Longer than 10.1 centimeters?

Exactly 10.1 centimeters? (For this
one, you need to create the normal curve
with your graphing utility and find the value
of y when x = 10.1. Your teacher may help.)

On the graph at right, shade the region that
represents the probability of a unicorn’s
horn being longer than 9 centimeters.
Calculate the area of that region by finding
the appropriate z-score and using the
Standard Normal Probabilities Table or a
calculator. Interpret your result.

On the graph at right, shade the region that
represents the probability of unicorn’s horn
being longer than 10.5 centimeters or less
than 9.5 centimeters. Calculate the area of
the associated regions by finding the
appropriate z-score and using the Standard
Normal Probabilities Table or a graphing
utility. Interpret your result.

Challenge: In order for a unicorn to be
admitted to college, her horn must be in the
75th percentile. That means 75 percent of
the unicorns must have horns shorter than
hers. On the graph at right, shade the region
representing this area, and determine the
value associated with the 75th percentile.
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Problem 3

Graph each of the following normal curves in the same viewing window using a graphing utility.
The mean is either 7, 8, 9, or 10. The standard deviation is either 1, 1.5, 2, or 2.5.

Use this information to determine the mean and standard deviation of each graph.
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Standard Normal Probabilities Tables

Talble entry
Table entry for 7 is the area under the standard normal curve
. o the lem ar 7.
T .00 .01 02 03 04 .05 .06 .07 08 09

-3.4 0003 0003 .0003 .0003 000z 0003 .0DO3 0003 0003 .0002
-3.3 0005 0005 .0005 20004 .0004 0004  .0DO4 0004 .0004 0003
-3.2 0007 0007  .000G J0006 006 0006 L0006 0005 0005 0005
-J.1 0010 00089 .00O2 J0009 L0006 0008 L0008 00058 0007 0007
-3.0 0013 0013 .0013 J0012 0olz 0011 .0011 .0011  .0o0l0 L0010
=249 0019 0018  .0018 J0017 Joie 0016 .0015 0015 .00L4 L0014
-2.8 0026 0025 .0024 0023 0023 0022 .0021 0021 0020 0019
27 0035 0034 .0033 0032 L0031 0030 .0029 0028 0027 0026
-2.6 0047 0045  .0044 0043 .0041 0040 .0D39 0038  .00OZV 0036
-2.5 0062 0060 .00D59 0057 0055 0054  .0052 L0051 0049 0048
=24 0082 0080 .0078 J0075 0073 0071 L0069 0068 0066 0064
-2.3 0107 0104 .0102 A0099 0096 0094  .0091 L0089 0087 0084
-2.2 0139 0136 0132 0129 0125 0122 0119 0116 O113 L1110
-2.1 0179 0174 .0170 A0166 L0162 0158 .0154 0150 0146 0143
=2.0 0228 0222 .0217 0212 0207 0202 L0197 L0192 0188 0183
-1.9 0287 0281 .0274 268 0262 0256 .0250 0244 0239 0233
-1.8 0359 0351 .0344 0336 L3290 0322 L0314 0307 0301 0294
-17 0446 0436 .0427 0418 L0400 0401 L0392 .0384 0375 0367
-1.6 0548 0537 .0526 0516 0505 0495 L0485 0475 0465 0455
-1.5 0668 0655 .0643 J0630 0618 06D6 .0594  0EB2 0571 L0559
-1.4 0808 0793 .07/8 0764 749 0735 L0721 0708 0694 0681
-1.2 0068 0051 .0034 20018 .0001 0835  _OREQ  OBG2 0838 0822
-1.2 4151 1131 1142 JA093 4075 1056 L1038 1020 1003 .0G9E5
=11 .135F% 1335 .1314 1292 d271 1251 1230 1210 1190 170
-1.0 1587 1562  .1539 1515 J492 1469 1446 1423 1401 1379
=04 1841 1814  .1/8B 176l JdJs36 0 1711 1685 1660 (1635 1611
-0.8 2119 2090 2061 .2033 2005 1977 1949 1922 16894 1867
07 2420 2389 .2358 2327 2296 2266 .2236 2206 2177 2148
-0.6 2743 2709  .2676 .2643 2611 2578 .2546 .2514 2483 .2451
-0.5 3085 3050 .3015 .2981 2946 2912 2BVF .2B43 2810 2776
0.4 3446 3409 3372 .3336 33000 3264 32280 3192 3156 S121
-0.3 3821 3783 .3745 3707 J66% 3632 .3594 3557 3520 3483

0.2 4207 4168 4129 4090 A052 4013 .39M 3936 3897 3859
-0.L 4602 4562 4522 A483 A44z 4404 4364 4325 4286 4247
—-0.0 5000 4960 4920 880 A840 4801 4701 4721 4081 4641
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Table entry
Table entry for 7 Is the area under the standard normal curve
to the left of 7.

z .00 01 02 03 04 .05 06 .07 08 09
0.0 5000 5040 5080 5120 5160 5199 .5239 5279 5319 5359
0.1 5398 5438 5478 5517 5557 L5596 .5636 5675 5714 5753
0.2 5793  .5832 5871 5010 5048 5987 6026 6064 6103 6141
0.3 b6179  .6217 5255 6293  .6331 6368 6406 6443  .6480 6517
0.4 6554 6591 5628 6664 6700 6736 6772 6B08 .68 6879
0.5 6915  .6950 L5985 7019 .7054 J0gg 7123 J157 7190 7224
0.6 7257 7291 7324 7357 7389 7422 7454 7486 7517 7549
0.7 J580  .76l1 J642 J673 J704 J734 7764 7794 7823 7852
0.8 7881 7910 7939 7967 7995 8023 .8051 8078  .B106 .8133
0.9 8150 8186 8212 .B238  .8264 8280 .8315 8340  .B365 8389
1.0 8413 8438 B4e1 .B485  .8508  .B531  .B554  .B5VY BS99 8621
11 8643 8665 8686 .B708 .8729 .B749 .B770 8790  .BE1D .B830
1.2 4849 .886% .5BE8 .B907 b925 8944 892 8080 .8997 9015
1.3 0032 0049 B0e6 .0082  .0099 9115 .9131 0147 9162 9177
1.4 9192 9207 8222 9236 9251 9265 9279 9292 9306 9319
1.5 9332 .9345 9357 MH370 .9382 9394 9406 5418 9429 94941
1.6 9452 9463 9474 0484  ,9495 9505 9515 9525 9535 0545
1.7 0554 0584 8573 .0582  .9501 0500 9608 8616 9625 9633
1.8 Se41 9649 9656 9664 .9671 96768 9686 9693 9699 9706
1.9 9713 9719 9726 9732 9738 9744 9750 9756 9701 9767
2.0 9772 9778 783 0788 .9793 0798 .9803  OB08 9812 0817
21 09821 9826 9830 0834 9838  .0B42 9846 9850 9854 .9857
2.2 9861 9864 D868 9871 9875 9878 9881 o884 9887 .9890
2.3 9893  .989%6 5898 9901 9904 9906  .9909 9911 9913 9916
2.4 0018 9920 022 0925 90927 0020 0031 8032 9934 9036
2.5 8638 9940 5941 0043 9045 9046 9948 9949 9951 9952
2.6 9953 9955 9956 9957 9959 9960 9961 9962  .9963 9964
2.7 9965  .9966 9967 9968  .9969 9970 .9971 9972 9973 9974
2.8 H974 9975 0976 0977 9977 Qo7 9979 8979 9980 9981
2.9 9981 9982 9982 M983 9084 9984 9985 9985 9986 9586
3.0 9987 9987 9987 9988 .9988 9989  .9989 9989  .9990 .9990
31 9990  .9991 9991 9991 .9992 9992 9992  99%2 9993 L
3.2 0G93 9903 2994 .0go4 0004 0004 9994 9005 9905 .9995
33 9995 9995 9995 9995 9996 9996 9996 9996 9996 9997
3.4 9997 9997 9997 .9997 .9997 9997 9997 9997 9997 9993
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